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Analysis of various optimum and non-optimum Gaussian basis sets for first- 
row elements have indicated that with a minimum increase of the basis set size 
and without loss of accuracy of the calculated total energy, a single "universal"  
Gaussian basis set may replace individually optimized Gaussian basis sets for a 
series of atoms. Such a universal Gaussian basis set may substantially reduce the 
computational work required for the calculation of molecular integrals in 
ab initio MO calculations. 
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1. Introduction 

Recent results with rigorously optimized Gaussian basis sets for ab initio MO 
calculations have indicated that optimum exponent sets for first-row atoms are 
interrelated by a simple "Gaussian Rule"  [1]. The orbital exponents a~ in basis 
sets of  the same size (i.e. composed of the same number of s, p, etc. type functions) 
are approximately proportional to the square of the nuclear charge, Z 2, and by 
introducing small correction terms, analogous to Slater's screening constant, the 
deviations from the exact optima can be minimized. The existence of the "Gaussian 
Rule"  suggests a high degree of"universa l i ty"  in the optimum Gaussian function 
representations of different atoms. It is particularly remarkable that the linear 
coefficients of the best-energy "Uniform Quality" Gaussian expansions of atomic 
wavefunctions are almost identical [1]. These properties of optimum Gaussian 
basis sets lead one to consider the extreme case o f "  universality": the use of identical 
Gaussian basis sets for a series of atoms. The possible advantages of such a "uni- 
versal Gaussian basis" are considerable: the one-electron and two-electron integ- 
rals, once calculated, can be re-used for any set of atoms whenever the internuclear 
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separation is the same; by multiplying the nuclear attraction integrals with appro- 
priate constants these integrals can be "cor rec ted"  for any nuclear charge Z. 

While the "Gaussian Rule"  and the near identity of the linear coefficients have 
indicated an inherent "universali ty" of optimum Gaussian basis sets [1], in an 
independent study Silver and Nieuwpoort have explored the applicability of 
"universal"  Slater type basis sets for a series of atoms [2]. Using the "even- 
tempered" formula of Raffenetti [3] for exponents % 

as = ab ~- 1 (a, b constants) 

a universal set of Slater type functions has been proposed [2]. To achieve an accu- 
racy comparable to that of Slater bases individually optimized [4] for atoms B-Ne, 
the basis set size had to be increased from a total of  18 Slater functions to a total of 
27 Slater functions. Consequently, the advantages of this "universal"  Slater basis 
set must be weighed against the 50% increase in the basis set size, that may increase 
the total number of integrals dramatically. Consequently, the construction of  the 
corresponding Fock matrix may become considerably more tedious, even if many 
of  the integrals are identical. 

2. Results and Discussion 

Due to the fundamentally different properties of Gaussian type functions, the tech- 
nique applied for Slater type functions does not appear suitable for the construction 
of "universal"  Gaussian basis sets. The differences are particularly evident in the 
representation of the core region, near the " c u s p "  of the wavefunction. Rigorously 
optimized uniform quality Gaussian basis sets [5-7] fulfill a balance criterion for 
the generalized " f o r c e "  components in the coordinate space of the cq orbital 
exponents: 

Igl-< 5 x 10- . (t) 

Here [g], the measure of balance ("measure of quality") is defined as 

B + I' Igl (2) 
L n i = l  

Clearly, for an ideally balanced basis set the a E / ~  " f o r c e "  components, con- 
sequently the a~(OE/a~) = OE/a In cq derivatives are zero and Igt = 0. For such 
"ba lanced"  Gaussian bases the exponents of those functions that are dominant in 
the core region show considerable deviations from a smooth geometric progression. 
It is expected that a "universal"  Gaussian basis must contain more functions than 
the basis sets optimized individually for each atom, if comparable accuracy is our 
goal. On the other hand, the overall economy of ab initio calculations requires to 
keep the dimension of  the molecular basis set small. As a compromise, a "uni-  
versal" Gaussian basis set that may replace small and medium size optimum 
Gaussian basis sets is likely to offer the most advantages in calculating approximate 
molecular wavefunctions. 
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In the present study we have investigated the possibilities of replacing (6~3 p) and 
(8~4 ~) Uniform Quality basis sets for first-row atoms with suitable "universal" 
Gaussian bases. The Gaussian Rule [1] and the relative insensitivity of calculated 
energies to small re-scaling of exponents [8] have suggested that the optimum basis 
set for an atom of nuclear charge Z may be used as an approximation to the basis 
set of the atom of nuclear charge Z + 1, since the sealing factor in this case would 
be ~ ( Z  + 1)2/Z 2, not very different from unity i f Z  is large. However, to obtain a 
similar approximation to the optimum basis set for an atom of nuclear charge Z '  
much larger or much smaller than Z, the scaling factor (Z ' /Z )  2 must be rather differ- 
ent from 1.0. In this latter case the deviation from the true optimum basis set would 
be significant, and the inaccuracy of the approximate basis could well be un- 
acceptable. 

To explore the effects of larger scaling factors and the possibilities of utilizing the 
Gaussian Rule in devising a universal Gaussian basis we have carried out an 
analysis of (6s3P), (8~4 p) and (10s5 p) Uniform Quality Gaussian basis sets for the 
series of first row atoms B-F. Approximate Hartree-Fock wavefunctions have been 
calculated for these atoms using all (6~3 p) and (8s4 p) basis sets in all possible com- 
binations, i.e. all basis sets for all five atoms. The results have been analysed in 
terms of total energies, the virial theorem and the balance parameter [gl (" quality 
measure" Igl) of the resulting approximations to the optimum basis sets. In the 
following analysis we shall refer to optimum basis sets by the nuclear charge Z 
of the atom for which the basis was optimized. A Z1 -+ Z2 basis set replacement 
means that the wavefunction for atom of nuclear charge Z1 is calculated using the 
basis optimized for atom of nuclear charge Z2. 

The results for (6s3 p) and (8s4 ~) type basis sets are summarized in Table 1. Results 
listed along the diagonals are those obtained with Uniform Quality basis sets 
optimized directly for the given atom, consequently, the energy values, virial ratios 
and balance parameters along the diagonals are those closest to the ideal values. 

In general, a basis replacement causes a large increase in the calculated total energy. 
Particularly large increases (for the F -+ B replacement as large as 1.25 hartree) 
were obtained for the (6s3 ~) basis sets, as smaller basis sets are more sensitive to 
variations of the exponents. The energies calculated with (8s4 p) basis sets show some- 
what smaller variations. It is noteworthy that in both series the energies calculated 
for nitrogen show the smallest variation (0.07 hartree for the (8s4 ~) basis sets). This 
result is not surprising since the nuclear charge Z of nitrogen is the average value 
of the nuclear charges of the atoms considered. In general, the larger the difference 
between the nuclear charges Z1 and Z2 of the atoms involved in the basis replace- 
ment, the larger the increase of the calculated total energy. 

The calculated virial ratios show a similar trend in their deviations from the ideal 
value of - 2 .  It is noteworthy that replacing basis 1 by basis 2 causes an upward 
or downward shift in the virial ratio, depending on whether the (Z2 - Z1) difference 
is negative or positive, respectively. This consistent pattern suggests some degree 
o f "  universality" of the investigated basis sets and also serves as an indirect evidence 
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for the optimality of the reference basis sets, as it may be deduced from the follow- 
ing argument. 

According to the Gaussian Rule, optimum exponents are approximately propor- 
tional to the square of the nuclear charge, Z 2. In the e-~r2 radial part of  a Gaussian 
type orbital an ~ ~ (Z1 /Z2)  2 multiplying factor of the orbital exponent is equivalent 
to a multiplying factor co 1/2 of coordinate r. Considering the electronic Hamiltonian 
of a many-electron atom, 

/?=  :v+ ~, 

where 

and 

~ e2 12 = - Z e 2  + - - ,  

a direct substitution of ~1/2r in place of r gives the following relations for the expec- 
tation values of kinetic and potential energy operators: 

<fL> = o~'3<T> (3) 

and 

< ['~co) = r (4) 

Here ( T )  and (12) are expectation values obtained for the ideal, perfectly balanced 
basis, that is well approximated by the Uniform Quality basis set, while (:?o~) and 
(I;'~) are expectation values obtained using orbital exponents multiplied by oJ, 

The virial ratio can then be expressed as 

(Po~) _ o~ - */6. ( I?)  _ 2 

Consequently, whenever m is larger than 1, i.e. when Z1 > Z2, the absolute value 
of the virial ratio is less than 2, while for Z,  < Z2 it is greater than 2. The fact that 
the actual virial ratio is better than the one obtained using relation (5) is due to a 
"resistance" of the electron distribution to " fo l low"  the basis functions, as 
indicated by major changes in the linear coefficients. 

In general the balance parameter Ig{ is a more reliable measure of the quality of 
approximate wavefunctions than the virial theorem, particularly, if accurate pre- 
diction for properties other than energy is our concern; the improvements in the 
predicted expectation values of various one-electron properties may be correlated 
to the improvements in balance parameter Igl [9]. It is apparent from Table 1 that 
the replacement of (6'3 p) optimum basis sets results in highly imbalanced basis sets 
with balance parameters of the order of 10 -1, while for (8s4 ~) basis sets the im- 
balance caused by a replacement is less severe, as indicated by Igl values of the 
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order of 10 -2. It is noteworthy that the extent of imbalance is approximately the 
same for all replacements in a given series, although there is a slight increase in the 
deterioration of the balance as the difference IZ1 - Z21 increases. 

The above observations may provide some suggestions for the selection of a 
universal Gaussian basis set. The fact that the energy values calculated for nitrogen 
show the smallest variations, and the intermediate value of the nuclear charge of 
nitrogen suggest that the nitrogen (8~4 p) basis set itself could serve as a universal 
replacement for the individually optimized (6~3 p) basis sets for B=F. Indeed, the 
total energies calculated with this basis set are better than the optimum energies 
calculated with the (6~3 ~) basis for all five atoms, with the exception of boron, 
where the (6~3 ~) optimum (-24.491974 a.u.) is much lower than the value 
(-24.438594 a.u.) obtained with the (8~4 p) nitrogen basis. However, the (8s4 p) 
carbon basis appears as an even better "universal" replacement of individually 
optimized (6"3 ~) bases, for several reasons. This carbon basis set gives total energies 
superior to the optimum (6"3 p) values for allfive atoms. In addition, the central role 
of carbon atoms in the overwhelming majority of molecules (i.e. all organic mol- 
ecules) suggests that our selection of a universal Gaussian basis set should be 
somewhat biased in favor of the carbon atom. 

One may select, however, an alternative more rigorous procedure in searching for a 
universal basis set. The Gaussian Rule and the results in Table 1 indicate that the 
true overall optimum of a universal (8~4 p) basis set for the B-F series lies somewhere 
between the carbon and nitrogen basis sets. This basis can indeed be determined by 
optimizing a scaling parameter co, using a least square criterion for the total energy 
values of all five atoms, weighing each atom equally. Such least square fit and sub- 
sequent application of the Gaussian Rule gives a basis set that corresponds to an 
optimum basis for a hypothetical " a t o m "  with nuclear charge Z = 6.75. In view 
of the importance of the Carbon atom, however, an equal weighing in this pro- 
cedure is not necessarily the one that ensures the optimum representation for a 
large variety of molecules. Considering the applications of a universal basis set for 
molecular calculations, there is little to gain by using the least square fit basis set 
instead of using the carbon (8~4 ~) basis directly. 

One additional aspect may also suggest the choice of the carbon (8~4 ~) basis set as a 
universal Gaussian basis. Atoms B-F all have open shell ground states, with some 
electrons occupying p-type orbitals and this has been the reason for selecting them 
as reference atoms in the search for a universal Gaussian basis. However, a universal 
basis should be applicable for atoms Li, Be and H as well. Atoms Li and Be do not 
contain occupied p orbitals in their ground states, and the relevant optimum bases 
are (6 s) and (8 ~) type pure s basis sets. One may expect that the p functions of a 
universal (8~4 ~) Gaussian basis set, serving as polarization functions in molecular 
calculations, would ensure that this basis set is superior to or at least an adequate 
replacement of the optimum (6 ~) basis sets, even if the (8 ~) subset of the universal 
basis is not particularly balanced for these atoms. Therefore, the carbon and 
nitrogen (8~4 ~) bases for Li and Be are expected to give rather similar results in a 
molecular calculation. Nevertheless, the (8 ~) subset of the (8~4 ~) carbon basis set is 
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likely to give a better replacement for these (6 s) bases than the (88) subset o f  the 
nitrogen basis or that  o f  the basis obtained with the least square fit, since the nuclear 
charge o f  ca rbon  deviates the least f rom that  o f  Be and Li. 

It  is also apparent  f rom Table 1 that  Z ~ Z + 1 and Z - +  Z - 1 type basis re- 
placements do not  result in the same degree o f  imbalance or loss o f  accuracy for 
the corresponding wavefunctions. In general, energies, virial ratios and balance 
parameters are slightly better for a Z --~ Z - 1 type replacement than for a replace- 
ment o f  the Z ~ Z + 1 type. This may be explained by recalling relations (3) and 
(4), and approximat ing parameter  oJ by (Z2/Z~) 2, as implied by the Gaussian Rule. 
Since the ideal, op t imum basis set corresponds to oJ = 1, the smaller is the quanti ty 
[o~ - 1 I, the smaller is the deviation o f  the actual basis f rom the ideal one. For  our 
two alternatives the two o~ parameters,  ~o_1 and o~+1 may be approximated as 

and 

?; 
Clearly, o~_ 1 is closer to unity than co + 1 for any nuclear charge Z larger than 1, 
consequently a Z - +  Z -  1 type basis replacement is more  favorable than a 
Z - +  Z + 1 type replacement. This result also suggests that  the carbon (8~4 p) basis 
set, corresponding to a nuclear charge smaller than that  o f  nitrogen (or that of  the 
hypothetical  a tom corresponding to the least square fit basis) may offer the best 
compromise  choice for a universal replacement o f  (6s3 p) basis sets. 

A similar study was carried out on a possible universal replacement o f  (8~4 p) 
op t imum basis sets, using (10~5 p) Oaussian basis sets. Opt imum carbon and nitro- 
gen (10~5 p) basis sets were used to calculate approximate  wavefunctions for the 
B - F  series. The calculated total energies, virial ratios and balance parameters are 
presented in Table 2. The numerical results show the same trends that  are character- 
istic o f  the (6~3 p) and (8~4 p) basis sets. It is remarkable,  however, that  the balance o f  
all the calculated wavefunctions is much better than for smaller bases, in general the 

Table 2. Total energies, virial coefficients and balance parameters calculated for atoms B-F 
using Universal "C"  and " N "  (10s5 p) Gaussian basis sets 

Universal "C"  basis 

Atom Energy (a.u.) Virial Balance [gr 

Universal " N "  basis 

Energy (a.u.) Virial Balance [gl 

B -24.524285 - 1.997813 6.606 x 10 -3 -24.503068 -1.990812 2.053 x 10 -2 
C -37.686653 -2.000000 3.534 • 10 -5 -37.682648 -1.998308 7.204 • 10 -3 
N -54.395350 -2.000337 1.859 • 10 -3 -54.397346 -1.999988 4.879 x 10 -~ 
O -74.793937 -2.000716 3.236 • 10 -3 -74,801223 -2.000334 2,589 x 10 -3 
F -99.370561 -2.001383 7.526 • 10 -3 -99.389688 -2.000687 4,299 x 10 -3 
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calculated Igl value is of the order of 10-a. Similarly, the virial coefficients are much 
closer to the ideal value of - 2, than those for smaller bases. Comparing the carbon 
and nitrogen bases as possible candidates for a universal replacement of all (8s4 p) 
basis sets, the most significant difference between these two bases is in the calculated 
total energies. The nitrogen basis set gives better total energies for atoms C, N, O, F, 
than the optimum (8s4 p) bases, however, for boron the energy is considerably 
higher (by more than 0.02 hartree) than the (8s4 p) optimum value. On the other 
hand, the carbon basis set gives approximately the same (only 0.0006 hartree higher) 
total energy value as the (8~4 p) optimum value for boron, and for all other atoms 
the energies are much lower than the (8~4 p) optima. In agreement with our con- 
clusion above, the carbon (10s5 p) basis appears to offer the best compromise for a 
universal replacement of (8~4 p) optimum Gaussian basis sets. 

The orbital exponents of the suggested (8~4 p) and (10~5 p) universal Gaussian basis 
sets (designed as replacements for (6s3 p) and (8~4 p) optimum bases, respectively) are 
listed in Table 3. The calculated total energies, the corresponding energies with 
individually optimized bases and balance parameters are collected in Table 4. In 
addition, Table 4 lists the results calculated for atoms H, Li and Be, using the 
universal bases and the appropriate optimum basis sets. For atoms Li and Be the 
total energies calculated with the s-subsets of universal bases are considerably 
higher than the corresponding optimum values and the balance parameters are 
about an order of magnitude worse than those for the B-F series. These poor results 
for Li and Be stem from the fact that the pure s-type bases for the ground states of 
these atoms are of somewhat different character than the s-subsets of bases for the 
B-F series, as it is evidenced by their larger than average deviations from the 
Gaussian Rule [1]. In addition, the inferior balance of basis sets generated by a 

Table 3. Orbital exponents of recommended 
(8s4 p) and (10~5 p) Universal Gaussian basis 
sets for first row elements 

Function (8~4 p) basis (10~5 ~) basis 

sl 3068.79 8865.83 
s2 460.955 1313.46 
s3 104.933 295.644 
s4 29.5486 82.8185 
s5 9.40810 26.6264 
s6 3.19785 9.34105 
s7 0.52799 3.44459 
s8 0.161943 1.00736 
s9 - -  0.390650 
slo - -  0.133641 

Pl 9.44113 18.3217 
P2 2.00167 4.05072 
p3 0.545707 1.18065 
p4 0.151710 0.377676 
Ps - -  0.119460 
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Z1 -+ Z2, Z1 < Z2 basis replacement also contributes to the overall loss of accuracy. 
Nevertheless, in actual calculations for molecules the presence of p-polarization 
functions in the universal basis sets may reduce or eliminate the effective energy 
difference between the universal and optimum basis sets. It  is evident that the 
hydrogen atom is adequately represented by both universal basis sets. Both the 
energy values and balance parameters are satisfactory. 

3. Conclusions 

Suitably chosen "universa l"  (8~4 ~) and (10s5 p) Gaussian basis sets may replace 
individually optimized (6~3 p) and (8~4 p) basis sets, respectively, for first-row elements 
without loss of accuracy in the calculated total energies. Both of the proposed uni- 
versal Gaussian basis sets represent a minimum increase only in the total number of  
basis functions as compared to those bases they are to replace (the increases are 
15 -+20  and 20 -+  25, respectively). Consequently, the overall increase in the 
dimension of a molecular basis and also in the number of  integrals may be kept at a 
minimum; thus the conditions are optimum for utilizing the equivalence of integ- 
rals brought about by the use of  a universal basis set. 
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